A unified simple proof of a conjecture of Woods for n⩽6  by Hans-Gill, R.J. et al.
Journal of Number Theory 129 (2009) 1000–1010Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
A uniﬁed simple proof of a conjecture of Woods for n 6
R.J. Hans-Gill a,1, Madhu Raka a,∗, Ranjeet Sehmi b, Sucheta b
a Centre for Advanced Study in Mathematics, Panjab University, Chandigarh-160014, India
b Department of Applied Sciences, Punjab Engineering College, Chandigarh-160012, India
a r t i c l e i n f o a b s t r a c t
Article history:
Received 4 July 2007
Revised 29 October 2008
Available online 20 February 2009
Communicated by David Goss
MSC:
11H31
11H46
11J20
11J37
52C15
Keywords:
Lattice
Sphere
Critical determinant
Non-homogeneous
Reduction
Let Rn be the n-dimensional Euclidean space. Let L denote a lattice
in Rn of determinant 1 such that there is a sphere centered at
the origin O which contains n linearly independent points of L on
its boundary but no point of L other than O inside it. A well-
known conjecture in the geometry of numbers asserts that any
closed sphere in Rn of radius 12
√
n contains a point of L. This is
known to be true for n 6. Here we give a uniﬁed simple proof
for n 6 of the more general conjecture of Woods.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let L be a lattice of determinant 1 in the n-dimensional Euclidean space Rn . A well-known con-
jecture in the geometry of numbers is:
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R.J. Hans-Gill et al. / Journal of Number Theory 129 (2009) 1000–1010 1001Conjecture 1. Suppose L is a lattice in Rn such that there exists a sphere centered at the origin O containing
n linearly independent points of L on its boundary but no point of L other than O inside it. Then any closed
sphere of radius 12
√
n in Rn contains a point of L.
Importance of this conjecture is that it is one of the two parts of a possible line of approach to
prove the well-known conjecture of Minkowski on the product of non-homogeneous linear forms.
Woods [9] formulated a more general conjecture from which he showed in [10] that Conjecture 1
follows. We now give some terminology required to enable us to state this conjecture.
It follows from the reduction theory of quadratic forms introduced by Korkine and Zolotareff [6]
that by a proper choice of a coordinate system in Rn , L can be assumed to have a basis of
the form (A1,0, . . . ,0), (a2,1, A2,0, . . . ,0), . . . , (an,1,an,2, . . . ,an,n−1, An), where A1, A2, . . . , An are all
positive and any two points in the corresponding lattice in Rn−i+1 having (Ai,0, . . . ,0), (ai+1,i, Ai+1,
0, . . . ,0), . . . , (an,i,an,i+1, . . . ,an,n−1, An) as its basis are at a distance at least Ai apart. Conjecture 1
then follows as a special case of the following:
Conjecture 2 (Woods). If A1  Ai for i = 1,2, . . . ,n then any closed sphere of radius 12
√
n in Rn contains a
point of L.
Conjecture 1 was proved by Remak [7] and Davenport [2] for n = 3. Hofreiter [5] and Dyson [3]
proved it for n = 4. Woods [9] remarked that Conjecture 2 follows easily from the known results for
n  3. Conjecture 2 was proved by Cleaver [1] and Woods [8] for n = 4; and Woods [9,10] for n = 5
and 6. Hans-Gill, Raka and Sehmi [4] have recently proved this conjecture for n = 7.
In this paper, following the method developed by Woods, a uniﬁed simple proof of Conjecture 2
is given for n 6. It may be remarked that one can easily supplement this proof to show that in fact
any open sphere with radius 12
√
n contains a point of L, except in the case A1 = A2 = · · · = An = 1
for n 6.
2. Preliminaries
Let L be a lattice in Rn with Korkine and Zolotareff basis, as described in Section 1. Let (Sn)
denote the critical determinant of the unit sphere Sn centered at the origin and d(L) denote the
determinant of the lattice L.
Lemma 1. (See Woods [8].) If 2(Sn+1)An1  d(L), then any closed sphere in Rn of radius
A1
{
1−
(
An1(Sn+1)
d(L)
)2} 12
contains a point of L.
Lemma 2. (See Woods [8].) For a ﬁxed integer i with 1 i  n, let L1 be the lattice in Ri with basis
(A1,0,0, . . . ,0), (a2,1, A2,0,0, . . . ,0), . . . , (ai,1,ai,2, . . . ,ai,i−1, Ai)
and L2 be the lattice in Rn−i with basis
(Ai+1,0,0, . . . ,0), (ai+2,i+1, Ai+2,0,0, . . . ,0), . . . , (an,i+1,an,i+2, . . . ,an,n−1, An).
If any closed sphere inRi of radius r1 contains a point of L1 and any closed sphere inRn−i of radius r2 contains
a point of L2 , then any closed sphere in Rn of radius (r21 + r22)
1
2 contains a point of L.
Lemma 3. (See Korkine and Zolotareff [6].) For all relevant i, A2i+1 
3
4 A
2
i and A
2
i+2 
2
3 A
2
i .
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Lemma 4. (Sn) =
√
3
2 ,
1√
2
, 12 and
1
2
√
2
for n = 2,3,4 and 5 respectively.
The following result is an easy consequence of Lemma 3.
Lemma 5.
√
2Ai  Ai+1 for i = 1,2,3 and 4.
The following simple results will be found useful in the proofs. Let X1, X2, . . . , Xm be real numbers
with X1 > 1. Let xi = |Xi − 1| for i = 1,2,3, . . . ,m. Let
φ(X1, X2, . . . , Xm) = 4X1 + X2 + · · · + Xm − X41 X2 · · · Xm
and
ψ(X1, X2, . . . , Xm) = 4X1 + X2 + · · · + Xm − 2X31 X2 · · · Xm.
Lemma 6. If Xi > 1 for all i then
(i) φ(X1, X2, . . . , Xm)m + 2 and
(ii) ψ(X1, X2, . . . , Xm)m + 1.
Proof. Since φ(X1, X2, . . . , Xm) and ψ(X1, X2, . . . , Xm) are decreasing functions of Xi for each Xi
when other variables are kept ﬁxed, it follows that
φ(X1, X2, . . . , Xm) φ(1,1, . . . ,1) =m + 2 and
ψ(X1, X2, . . . , Xm)ψ(1,1, . . . ,1) =m + 1. 
Lemma 7. If
∑
Xi1xi  x1 
1
2 then φ(X1, X2, . . . , Xm)m + 2.
Proof. Without loss of generality we may assume that X1, X2, . . . , Xk are all > 1 and Xk+1, Xk+2,
. . . , Xm are all  1 for some k, 1 km.
Let
∑k
i=2xi = α and
∑m
i=k+1xi = β . We have
φ(X1, X2, . . . , Xm) = 4X1 +
k∑
i=2
Xi +
m∑
i=k+1
Xi − X41{X2 · · · Xk}{Xk+1 · · · Xm}
which is  m + 3 + 4x1 + α − β − (1 + x1)4(1 + α)(1 − β). Since β  x1 and coeﬃcient of β is
positive, therefore we can replace β by x1 to get φ(X1, X2, . . . , Xm)m+ 3+ 3x1 +α − (1+ x1)4(1+
α)(1− x1). Now the coeﬃcient of α is negative for x1  12 and α  0 so we can replace α by 0 to get
φ(X1, X2, . . . , Xm)m + 3+ 3x1 − (1+ x1)4(1− x1) which is at most m + 2 for x1  12 . 
3. Method of proof
We shall use the method of contradiction. Suppose that L is a lattice satisfying the hypothesis of
Conjecture 2 for which there exists a closed sphere of radius 12
√
n in Rn that contains no point of L.
Lemmas 1 and 2 and this hypothesis give rise to a conditional inequality for each ordered partition
(λ1, λ2, . . . , λs) of n. We give some examples.
(i) The partition (1,1, . . . ,1) of n gives rise to the inequality
A21 + A22 + · · · + A2n > n. (3.1)
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If
√
2A1  A2 then 4A21 −
2A41
A22
+ A23 + · · · + A2n > n. (3.2)
Using A1A2 · · · An = 1, the second inequality in (3.2) can also be written as
4A21 − 2A61A23A24 · · · A2n + A23 + · · · + A2n > n. (3.3)
(iii) The partition (3,1, . . . ,1) of n gives rise to the conditional inequality:
If A21  A2A3 then 4A21 −
A61
A22A
2
3
+ A24 + · · · + A2n > n. (3.4)
Using A1A2 · · · An = 1, the second inequality in (3.4) can also be written as
4A21 − A81A24A25 · · · A2n + A24 + · · · + A2n > n. (3.5)
(iv) The partition (1,4,1, . . . ,1) of n gives rise to the conditional inequality:
If A32 
√
2A3A4A5 then A
2
1 + 4A22 −
1
2
A82
A23A
2
4A
2
5
+ A26 + · · · + A2n > n. (3.6)
Using A1A2 · · · An = 1, the second inequality in (3.6) can also be written as
A21 + 4A22 −
1
2
A102 A
2
6 · · · A2n + A26 + · · · + A2n > n. (3.7)
The conditional inequality arising out of an ordered partition (λ1, λ2, . . . , λs) of n would hence forth
be denoted by (λ1, λ2, . . . , λs). We say that (λ1, λ2, . . . , λs) holds whenever the condition in the in-
equality is satisﬁed. We now list some observations which we shall use frequently in the proofs,
sometimes without speciﬁc mention.
Observations.
Obs.1 As A1  Ai for each i, the inequalities
√
2A1  A2 and A21  A2A3 always hold. Therefore
the conditions in the inequalities (2,1, . . . ,1) and (3,1, . . . ,1) are always satisﬁed and so
(2,1, . . . ,1) and (3,1, . . . ,1) both hold.
Obs.2 It follows from Obs.1 and Lemma 5 that the conditions in the following inequalities are always
satisﬁed
(i) (λ1, λ2,1, . . . ,1) having λ1  3, λ2  2,
(ii) (1, λ1, λ2,1, . . . ,1) having λ1  2, λ2  2,
(iii) (1,1,1,2,1, . . . ,1).
Obs.3 In case Ai > 1 and Ai+1  1, the condition
√
2Ai  Ai+1 is satisﬁed. Thus in this case
(1, . . . ,1︸ ︷︷ ︸
i−1
,2,1, . . . ,1) holds.
Obs.4 In case Ai > 1 and Ai+1, Ai+2 are both  1, the condition A2i > Ai+1Ai+2 is satisﬁed. Thus in
this case (1, . . . ,1︸ ︷︷ ︸,3,1, . . . ,1) holds.i−1
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in dealing with inequalities of the type (λ1, λ2, . . . , λs), where some λi = 2. For example, using
this observation the inequality (2,1,1, . . . ,1) gives 2A22 + A23 + · · · + A2n > n.
As A1A2 · · · An = 1 and A1  Ai for each i, A1 = 1 would imply Ai = 1 for each i. In this case
Conjecture 2 follows from the inequality (1,1, . . . ,1). So we can assume that A1 > 1. We shall discuss
different cases depending upon whether Ai > 1 or Ai  1 for 2  i  n. The number of these cases
is 2n−1. We collect some general observations in the proposition given below. These help us to rule
out most of the cases. We also give an illustration of each part of this proposition.
Proposition 1. The following cases do not arise:
(i) Ak  1 for exactly one k.
(ii) Ak  1 and Ak+1  1 for some k and A j > 1 for all other j.
(iii) Ak+1  1 whenever Ak > 1 for 1 k n − 1 and An  1.
(iv) Ak+1  1 whenever Ak > 1 for 1 k n − 1 and An > 1.
(v) An  1 and there is exactly one k for which Ak > 1 and Ak+1 > 1.
Proof. (i) In this case (1, . . . ,1︸ ︷︷ ︸
k−2
,2,1, . . . ,1) holds by Obs.3. As in (3.3) this gives
A21 + · · · + A2k−2 + 4A2k−1 − 2A21A22 · · · A2k−2A6k−1A2k+1 · · · A2n + A2k+1 + · · · + A2n > n.
Taking m = n − 1 and writing X1 = A2k−1, X2 = A21, X3 = A22, . . . , Xk−1 = A2k−2, Xk = A2k+1, . . . ,
Xn−1 = A2n , we get 4X1 + X2 + · · · + Xn−1 − 2X31 X2 · · · Xn−1 > n which contradicts Lemma 6(ii).
For example if n = 4 and A1 > 1, A2 > 1, A3  1 and A4 > 1, then (1,2,1) gives A21 − 2A62A21A24 +
4A22 + A24 > 4, which contradicts Lemma 6(ii) for m = 3, X1 = A22, X2 = A21, X3 = A24.
(ii) In this case (1, . . . ,1︸ ︷︷ ︸
k−2
,3,1, . . . ,1) holds by Obs.4. As in (3.5) this gives
A21 + · · · + A2k−2 + 4A2k−1 − A21A22 · · · A2k−2A8k−1A2k+2 · · · A2n + A2k+2 + · · · + A2n > n.
Taking m = n − 2 and writing X1 = A2k−1, X2 = A21, X3 = A22, . . . , Xk−1 = A2k−2, Xk = A2k+2, . . . ,
Xn−2 = A2n , we get 4X1 + X2 + · · · + Xn−2 − X41 X2 · · · Xn−2 > n which contradicts Lemma 6(i).
For example if n = 5 and A1 > 1, A2  1, A3  1, A4 > 1 and A5 > 1, then (3,1,1) gives 4A21 −
A81A
2
4A
2
5 + A24 + A25 > 5, which contradicts Lemma 6(i) for m = 3, X1 = A21, X2 = A24, X3 = A25.
(iii) We choose a partition (λ1, λ2, . . . , λs) of n in the following manner:
We choose λi = 1 if A(λ1+λ2+···+λi−1)+1  1 and λi = 2 otherwise. Notice that the inequality
(λ1, λ2, . . . , λs) holds by Obs.3. As A1 > 1 we have A2  1 by the given hypothesis. Therefore λ1 is
equal to 2. The contribution of each pair (Ak, Ak+1), where Ak > 1 and Ak+1  1, to the inequality
(λ1, λ2, . . . , λs) is equal to 4A2k − 2
A4k
A2k+1
. By Obs. 5 this is at most 2A2k+1 and hence at most 2. The
contribution of the remaining A′i s in the inequality (λ1, λ2, . . . , λs) is A
2
i which is  1. Therefore the
total contribution of all the A′i s in (λ1, λ2, . . . , λs) is at most n which gives a contradiction.
For example if n = 5, and A1 > 1, A2  1, A3 > 1, A4  1 and A5  1, then (2,2,1) holds. So
4A21 − 2 A
4
1
A22
+ 4A23 − 2 A
4
3
A24
+ A25 > 5. Using Obs.5, this gives 2A22 + 2A24 + A25 > 5 which is not possible
since each Ai occurring on the left side is  1.
(iv) In this case we use the inequality (λ1, λ2, . . . , λs) with λs = 1 and the remaining λ′i s are chosen
as in (iii). Now (λ1, λ2, . . . , λs) holds by Obs.3 and applying Obs.5 it gives
2
∑
A2k+1 +
∑
A2j + A2n > n, (3.8)
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Ak+1  1 and the second summation runs over those j for which A j  1 and A j−1  1. From (3.8)
we get an >
∑
2ak+1 +∑a j ∑ak+1 +∑a j =∑Ai1ai , where ai = |A2i − 1|, 1 i  n. As A1  An ,
it follows that a1 >
∑
Ai1ai . We also have a1 
1
3 by Lemma 3. Now using (3,1,1, . . . ,1), we get
a contradiction to Lemma 7 with m = n − 2, X1 = A21, X2 = A24, . . . , Xn−2 = A2n .
For example if n = 5, and A1 > 1, A2  1, A3 > 1, A4  1 and A5 > 1, then (2,2,1) holds. So
4A21 − 2 A
4
1
A22
+ 4A23 − 2 A
4
3
A24
+ A25 > 5. Using Obs.5, this gives 2A22 + 2A24 + A25 > 5 which implies −2a2 −
2a4 + a5 > 0 i.e. a5 > 2a2 + 2a4. Using A1  A5 we get a1 > 2a2 + 2a4  a4. Also a1  13 by Lemma 3.
Now (3,1,1) holds i.e. 4A21 + A24 + A25 − A81A24A25 > 5 which contradicts Lemma 7 with m = 3, X1 = A21,
X2 = A24, X3 = A25.
(v) In this case we choose the inequality (λ1, λ2, . . . , λs) as follows: If A2 > 1 then we take λ1 = 1
otherwise we take λ1 = 2. Having chosen λ1, . . . , λi−1 we choose λi = 1 if either λ1 + λ2 + · · · +
λi−1 + 1 = k or A(λ1+λ2+···+λi−1)+1  1. Otherwise choose λi = 2. The inequality (λ1, λ2, . . . , λs) along
with Obs.5 gives
2
∑
A2l+1 +
∑
A2j + A2k > n, (3.9)
where the ﬁrst summation runs over those l for which the pair (Al, Al+1) satisﬁes Al > 1 and Al+1  1
and the second summation runs over those j for which A j  1 and A j−1  1. From (3.9) we get
ak >
∑
2al+1+∑a j ∑al+1+∑a j =∑Ai1ai , where ai = |A2i −1|, 1 i  n. As A1  Ak , we obtain
a1 >
∑
Ai1ai . We also have a1 
1
2 by Lemma 3. Now using (3,1,1, . . . ,1) we get a contradiction to
Lemma 7 with m = n − 2, X1 = A21, X2 = A24, . . . , Xn−2 = A2n .
For example if n = 6 and A1 > 1, A2  1, A3 > 1, A4 > 1, A5  1 and A6  1, then (2,1,2,1)
holds by Obs.3. This gives 4A21 − 2 A
4
1
A22
+ A23 + 4A24 − 2 A
4
4
A25
+ A26 > 6. Using Obs.5, this gives −2a2 +
a3 − 2a5 − a6 > 0 which implies a1  a3 > a5 + a6. Also a1  13 by Lemma 3. Now (3,1,1,1) holds
i.e. 4A21 + A24 + A25 + A26 − A81A24A25A26 > 6 which contradicts Lemma 7 with m = 4, X1 = A21, X2 = A24,
X3 = A25 and X4 = A26. 
4. Proof of Woods’ conjecture for n 6
Conjecture 2 follows easily from Lemmas 1 and 4 for n = 2,3 as explained below.
n = 2
The condition of Lemma 1 namely 2(S3)A21  A1A2 i.e.
√
2A1  A2 is always satisﬁed since
A1  A2. Therefore A1{1− ( A
2
1(S3)
A1 A2
)2} 12 > 12
√
2 i.e. A21− A
4
1
2A22
> 12 . Using A1A2 = 1 it gives A21−
A61
2 >
1
2
which is not true for A1 > 1.
n = 3
The condition of Lemma 1, namely 2(S4)A31  A1A2A3 i.e. A21  A2A3 is always satisﬁed since
A1  A2, A3. Therefore A1{1 − ( A
3
1(S4)
A1 A2 A3
)2} 12 > 12
√
3 i.e. A21 − A
6
1
4A22 A
2
3
> 34 . Using A1A2A3 = 1 we get
A21 − A
8
1
4 >
3
4 which is not true for A1 > 1.
Remark. The above proof for n = 3 is essentially the same as that of Davenport [2]. An alternative
proof given below does not make use of the critical determinant of the unit sphere S4.
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form of tables. To avoid the subscripts we write A = A21, B = A22, C = A23, D = A24, E = A25, F = A26.
We also list the inequalities used in the proof to deal with these cases. In the last column of these
tables we list the propositions using which the cases are dealt with. It may, however, be mentioned
here that it is sometimes possible to construct the proofs by using different inequalities and we have
used the inequalities convenient to us. Proofs of some cases/claims are essentially the same as that of
Woods [8–10]. These are included here for the sake of completeness.
We see that for n = 3,4 and 5, Conjecture 2 follows immediately from Proposition 1. (See Ta-
bles 1–3.)
Table 1
n = 3.
Case A B C Inequalities Proposition
1 > > > ABC = 1
2 > >  (1,2) 1(i)
3 >  > (2,1) 1(i)
4 >   (2,1) 1(iii)
Table 2
n = 4.
Case A B C D Inequalities Proposition
1 > > > > ABCD = 1
2 > > >  (1,1,2) 1(i)
3 > >  > (1,2,1) 1(i)
4 > >   (1,3) 1(ii)
5 >  > > (2,1,1) 1(i)
6 >  >  (2,2) 1(iii)
7 >   > (3,1) 1(ii)
8 >    (2,1,1) 1(iii)
Table 3
n = 5.
Case A B C D E Inequalities Proposition
1 > > > > > ABCDE = 1
2 > > > >  (1,1,1,2) 1(i)
3 > > >  > (1,1,2,1) 1(i)
4 > > >   (1,1,3) 1(ii)
5 > >  > > (1,2,1,1) 1(i)
6 > >  >  (1,2,2), (3,1,1) 1(v)
7 > >   > (1,3,1) 1(ii)
8 > >    (1,2,1,1), (3,1,1) 1(v)
9 >  > > > (2,1,1,1) 1(i)
10 >  > >  (2,1,2), (3,1,1) 1(v)
11 >  >  > (2,2,1), (3,1,1) 1(iv)
12 >  >   (2,2,1) 1(iii)
13 >   > > (3,1,1) 1(ii)
14 >   >  (2,1,2) 1(iii)
15 >    > (2,1,1,1), (3,1,1) 1(iv)
16 >     (2,1,1,1) 1(iii)
We observe that for n = 6 all cases except 6, 8, 10, 11, 15, 18, 19, 21 and 29 follow immediately
from Proposition 1. (See Table 4.) Cases 8 and 15 need detailed analysis. These are discussed in Propo-
sitions 3 and 4. The remaining cases are easily disposed off in Proposition 2.
Notation. We write a = A − 1, b = |B − 1|, c = |C − 1|, d = |D − 1|, e = |E − 1|, f = |F − 1|.
Proposition 2. Cases 6, 10, 11, 18, 19, 21 and 29 do not arise.
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n = 6.
Case A B C D E F Inequalities Proposition
1 > > > > > > ABCDEF = 1
2 > > > > >  (1,1,1,1,2) 1(i)
3 > > > >  > (1,1,1,2,1) 1(i)
4 > > > >   (1,1,1,3) 1(ii)
5 > > >  > > (1,1,2,1,1) 1(i)
6 > > >  >  (1,1,2,2) 2
7 > > >   > (1,1,3,1) 1(ii)
8 > > >    (2,2,2), (2,2,1,1), (1,2,2,1), (1,1,3,1) 3
(1,1,4), (1,4,1), (3,1,1,1), (1,2,1,1,1)
9 > >  > > > (1,2,1,1,1) 1(i)
10 > >  > >  (1,2,1,2) 2
11 > >  >  > (1,2,2,1) 2
12 > >  >   (1,2,2,1), (3,1,1,1) 1(v)
13 > >   > > (1,3,1,1) 1(ii)
14 > >   >  (1,2,1,2), (3,1,1,1) 1(v)
15 > >    > (1,2,2,1), (2,1,2,1), (2,2,1,1), (4,1,1) 4
(1,4,1), (1,3,1,1), (3,1,1,1)
16 > >     (1,2,1,1,1), (3,1,1,1) 1(v)
17 >  > > > > (2,1,1,1,1) 1(i)
18 >  > > >  (2,1,1,2)) 2
19 >  > >  > (2,1,2,1) 2
20 >  > >   (2,1,2,1), (3,1,1,1) 1(v)
21 >  >  > > (2,2,1,1) 2
22 >  >  >  (2,2,2) 1(iii)
23 >  >   > (2,2,1,1), (3,1,1,1) 1(iv)
24 >  >    (2,2,1,1) 1(iii)
25 >   > > > (3,1,1,1) 1(ii)
26 >   > >  (2,1,1,2), (3,1,1,1) 1(v)
27 >   >  > (2,1,2,1), (3,1,1,1) 1(iv)
28 >   >   (2,1,2,1) 1(iii)
29 >    > > (2,2,1,1), (3,1,1,1) 2
30 >    >  (2,1,1,2) 1(iii)
31 >     > (2,1,1,1,1)(3,1,1,1) 1(iv)
32 >      (2,1,1,1,1) 1(iii)
Proof. Let us ﬁrst consider Case 6 i.e. A > 1, B > 1, C > 1, D  1, E > 1, F  1. In this case A  2
by Lemma 3. Also the inequality (1,1,2,2) holds. Therefore we have A + B + 4C − 2C2D + 4E −
2E2
F > 6. Using Arithmetic–Geometric mean inequality and ABCDEF = 1, we get A + B + 4C + 4E −
4C
3
2 E
3
2 A
1
2 B
1
2 > 6. Now the left side considered as a function of E is decreasing and E > 1, therefore
we replace E by 1 to get A + B + 4C − 4C 32 A 12 B 12 > 2. By a similar argument we replace C, B and A
successively by 1 to get a contradiction.
The proofs for Cases 10, 11, 18, 19 and 21 are similar. The inequality used in each case is as
mentioned in Table 4.
In Case 29 we have A > 1, B  1, C  1, D  1, E > 1, F > 1. From (2,2,1,1) and Obs.5 we get
−2b − 2d + e + f > 0 which implies 2a  e + f > 2d. We also have a  13 . Also (3,1,1,1) holds and
so 4A + D + E + F − A4DEF > 6. Applying Lemma 7 with m = 4, X1 = A, X2 = D , X3 = E and X4 = F
we get a contradiction. 
Proposition 3. Case 8 i.e. A > 1, B > 1, C > 1, D  1, E  1, F  1 does not arise.
Proof. Using Lemma 3 we have a  1, b  12 , c 
1
3 , f 
1
2 and 2E  B > 1  F . Together with
Lemma 5 we see that (2,2,2), (2,2,1,1) and (1,2,2,1) hold. Using Obs.5 we get
2b − 2d − 2 f > 0, (4.1)
1008 R.J. Hans-Gill et al. / Journal of Number Theory 129 (2009) 1000–10102b − 2d − e − f > 0, (4.2)
a + 2c − 2e − f > 0. (4.3)
Claim (i). b > c.
Suppose b c. This together with (4.1) implies c > f . The inequality (1,1,3,1) clearly holds and so
A+ B+4C+ F − ABC4F > 6. Taking m = 4, X1 = C , X2 = A, X3 = B and X4 = F we get a contradiction
to Lemma 7 since x1 = c  13 .
Claim (ii). c  18 .
Suppose c > 18 . Then C
6 > 2. Using Claim (i) and A  B we get ABC4  C6 > 2. Therefore (1,1,4)
holds and we have A + B + 4C − 12 ABC5 > 6. Since the left side of this inequality is a decreasing
function of C it follows that A + B + 4(2) 16 − 12 AB(2)
5
6 > 6. Since the coeﬃcient of B is negative and
B  (2) 16 we arrive at a contradiction.
Claim (iii). 2c < f .
Suppose f  2c. Then by the inequality (1,1,3,1) we have A + B + 4C + F − ABC4F > 6. Now
F  1 − 2c and c  18 imply that the coeﬃcient of B on the left side of this inequality is negative.
Also B > C , hence A + 5C + F − AC5F > 6. Since the coeﬃcient of A is negative and A  C we get
that 6C + F − C6F > 6. By a similar argument for F we get 6C + (1 − 2c) − (1 − 2c)C6 > 6 which is
not true for c  18 .
Claim (iv). b < 14 .
Suppose b  14 . Using the inequality (4.1) we have b > d + f  f . Therefore AB4F  B5F  (1 +
b)5(1−b). Now (1+b)5(1−b) is an increasing function for b 12 . Therefore (1+b)5(1−b) ( 54 )5( 34 )
and hence AB4F > 2 so that (1,4,1) holds. So we have A+4B+ F − 12 AB5F > 6. Since the left side of
this inequality considered as a function of B is decreasing and B  54 , we get A + F {1− 12 A( 54 )5} > 1.
As the coeﬃcient of F in the above inequality is negative and F  12 , it follows that A + 12 {1 −
1
2 A(
5
4 )
5} > 1 which is not true for A  2.
Claim (v). a < 12 .
Suppose a 12 . The inequality (4.2) implies that d + e + f < 2b < 12 . Now (3,1,1,1) holds and so
4A + D + E + F − A4DEF > 6 which implies 4A − A4 + (A4 − 1)(d + e + f ) > 3 and so 4A − A4 +
1
2 (A
4 − 1) > 3 i.e. 2− 3a − 2a2 − 12a3 > 0 which is not true for a 12 .
Now we get ﬁnal contradiction in this case as follows:
Claim (iii) and (4.3) imply that a > 2e. The inequality (1,2,1,1,1) i.e. A + 4B + D + E + F −
2AB3DEF > 6 implies A + 4B + E + {1 − (d + f )}{1 − 2AB3E} > 5. As b > d + f and the coeﬃcient
of d + f in the above inequality is positive, it follows that A + 4B + E + (1 − b){1 − 2AB3E} > 5.
Again, as the coeﬃcient of E in the above inequality is negative and E > 1 − a2 , it follows that A +
4B + (1 − a2 ) + (1 − b){1 − 2AB3(1 − a2 )} > 5. This leads to a2 + 3b + 2 − 2(1 + a2 − a
2
2 )(1 + 2b −
2b3 − b4) > 0. Left side of this inequality, when considered as a function of a has second derivative
positive. Therefore, its maximum on the interval [0, 12 ] occurs at one of the end points. We thus
obtain max{−b + 4b3 + 2b4,− 32b + 92b3 + 94b4} > 0 which is not true for b < 14 . 
Proposition 4. Case 15 i.e. A > 1, B > 1, C  1, D  1, E  1, F > 1 does not arise.
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1
3 and e 
1
2 . Using the inequalities (1,2,2,1), (2,1,2,1)
and (2,2,1,1) and Obs.5 we get
a − 2c − 2e + f > 0, (4.4)
2b − c − 2e + f > 0, (4.5)
2b − 2d − e + f > 0. (4.6)
Claim (i). a < 0.26.
Suppose a 0.26. This gives A3 > 2. Using (4.4) we have AE F  (1+ a + f )(1− e) > (1+ 2e)(1−
e) 1 for e  12 . Therefore A4E F > 2 and hence (4,1,1) holds. So we have 4A + E + F − 12 A5E F > 6.
As the coeﬃcient of E namely 1 − 12 A5F is negative and E > 1AF , it follows that 4A + 1AF + F −
1
2 A
4 > 6. Further F + 1AF is an increasing function of F for 1 F  A, we can replace F by A and get
5A + 1
A2
− 12 A4 > 6. It is easy to see that this is not true for a 12 .
Claim (ii). b < 16 .
Suppose b  16 . This gives B5 > 2. Then AB4F  B5F > 2 and therefore (1,4,1) holds i.e. A +4B +
F − 12 AB5F > 6. As the coeﬃcient of F namely 1 − 12 AB5 is negative and F > 1 we can replace F
by 1 and get A + 4B − 12 AB5 > 5. Again the coeﬃcient of A namely 1 − 12 B5 is negative and A  B ,
therefore we can replace A by B and get 5B − 12 B6 > 5. It is easy to see that this is not true for b 16 .
Claim (iii). e > 32b.
Suppose that e  32b. Now (1,3,1,1) holds and therefore A + 4B + E + F − AB4E F > 6. Since
B4E F > (1 + 4b)(1 − 32b) > 1, therefore the coeﬃcient of A namely 1 − B4E F is negative and A  B ,
we can replace A by B and get 5B + E + F − B5E F > 6. Again the coeﬃcient of E namely 1− B5F is
negative and E  1 − 32b, we can replace E by 1 − 32b and get 5B + (1 − 32b) + F − B5(1 − 32b)F > 6.
Further, the coeﬃcient of F namely 1 − B5(1 − 32b) is negative and F > 1. Replacing F by 1 we get
5B + (1− 32b) − B5(1− 32b) > 5. This can easily be seen to be not true for b < 16 .
Claim (iv). e > 2b.
Suppose that e  2b. Using (4.5) and Claim (iii) we get F > B . Proceeding as in Claim (iii) we can
replace A by B , E by 1 − 2b and F by B successively in (1,3,1,1) to get 1 + 4b − B6(1 − 2b) > 0
which is not true for b < 16 .
Finally we get a contradiction as follows:
From (4.5), (4.6) and Claim (iv) we get d + e < 32 f . As (3,1,1,1) holds we have 4A + D + E +
F − A4DEF > 6 which gives 4A + {1− (d + e)} + F − A4{1− (d + e)}F > 5. As the coeﬃcient of d + e
namely A4F − 1 is positive, we can replace d + e by 32 f and get 1+ 4a − f2 − A4(1− 3 f2 )(1+ f ) > 0.
As left side is an increasing function of f and f  a, therefore we have 1+ 72a− (1+ a)5(1− 32a) > 0
which is not true for a < 0.26.
This completes the proof of Proposition 4. 
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